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Main Text
• Almost complete lectures based on:

• Vector Mechanics for Engineers, Beer, Johnston et al.,Vector Mechanics for Engineers, Beer, Johnston et al., 
10th ed., McGraw‐Hill. 

• Referred to as BJ10. Indian Edition available.Indian Edition available.
•• DynamicsDynamics will be exclusively taught from exclusively taught from BJ10BJ10. Many 
wonderful new resources available in BJ10. Become 

l dmore clear as we proceed. 
• Most slide contents, unless mentioned, in our lectures 
from BJ10 Instructor resourcesfrom BJ10 Instructor resources.

• Attractive online features available for Instructors
http://highered.mcgrawhill.com/sites/1259062910/information center view0/p // g g / / / _ _ /

• For purchase/other details kindly contact:
• sagar.divekar@mheducation.com Sagar Divekar

santosh.joshi@mheducation.com Santosh Joshi



Secondary TextSecondary Text

• Some interesting and challenging problems 
from:
– Engineering Mechanics: Statics/Dynamics, Meriam
and Kraige, Eds. 2, 5, 7. (MK3, MK5, MK7).and Kraige, Eds. 2, 5, 7. (MK3, MK5, MK7).



Online resourcesOnline resources

• Nice demonstrations from Wolfram (look under the 
mechanics section). Will show some of them.)

– http://demonstrations.wolfram.com/

• Beautiful lectures notes by Prof. Allan Bower at y
Brown University

– http://www.brown.edu/Departments/Engineering/Courses/En4/Notes/notes.html

• Nice general lectures on Dynamics on youtube:
– http://www.youtube.com/user/mellensteip // y / /

• Nice animations to textbook problems:
– http://wps prenhall com/wps/media/objects/3076/3149958/studypak/index st ht– http://wps.prenhall.com/wps/media/objects/3076/3149958/studypak/index_st.ht
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IntroductionIntroduction
• In this lecture, we will be concerned with the kinetics of rigid 

bodies, i.e., relations between the forces acting on a rigid 
body, the shape and mass of the body, and the motion 
produced.p

• Results of this lecture will be restricted to:
- plane motion of rigid bodies, andp g ,
- rigid bodies consisting of plane slabs or bodies which 

are symmetrical with respect to the reference plane.

• Our approach will be to consider rigid bodies as made of 
large numbers of particles and to use the results of Chapter 
14 for the motion of systems of particles Specifically,14 for the motion of systems of particles.  Specifically,

GG HMamF 
  and
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Equations of Motion for a Rigid BodyEquations of Motion for a Rigid Body
• Consider a rigid body acted upon 

by several external forces.

• Assume that the body is made of 
a large number of particles.

• For the motion of the mass center 
G of the body with respect to the 
Newtonian frame OxyzNewtonian frame Oxyz,

amF



• For the motion of the body with• For the motion of the body with 

respect to the centroidal frame 
Gx’y’z’,

HM 
 GG HM 

• System of external forces is 
equipollent to the system
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equipollent to the system 
consisting of . and GHam 



Angular Momentum of a Rigid Body in 
Plane MotionPlane Motion

• Angular momentum of the slab may be 
computed by
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• After differentiation,
  


IIHG 

• Results are also valid for plane motion of bodies 
• Consider a rigid slab in 

plane motion.
which are symmetrical with respect to the 
reference plane.

R lt t lid f t i l b di
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• Results are not valid for asymmetrical bodies or 
three-dimensional motion.



Plane Motion of a Rigid Body: 
D’Alembert’s PrincipleD Alembert s Principle

• Motion of a rigid body in plane motion is 
completely defined by the resultant and moment 

lt t b t G f th t l f
IMamFamF Gyyxx  

resultant about G of the external forces.

• The external forces and the collective effective• The external forces and the collective effective 
forces of the slab particles are equipollent (reduce 
to the same resultant and moment resultant) and 

l (h h ff h b d )equivalent (have the same effect on the body).

• d’Alembert’s Principle:  The external forces 
acting on a rigid body are equivalent to theacting on a rigid body are equivalent to the 
effective forces of the various particles forming 
the body.

• The most general motion of a rigid body that is 
symmetrical with respect to the reference plane 
can be replaced by the sum of a translation and a 
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ca be ep aced by t e su o a t a s at o a d a
centroidal rotation.



Problems Involving the Motion of a 
Ri id B dRigid Body

• The fundamental relation between the forces 
acting on a rigid body in plane motion and g g y p
the acceleration of its mass center and the 
angular acceleration of the body is illustrated 
in a free-body-diagram equationin a free body diagram equation.

• The techniques for solving problems of 
static equilibrium may be applied to solve q y pp
problems of plane motion by utilizing

- d’Alembert’s principle, or
i i l f d i ilib i- principle of dynamic equilibrium

• These techniques may also be applied to 
problems involving plane motion ofproblems involving plane motion of 
connected rigid bodies by drawing a free-
body-diagram equation for each body and 

l i th di ti f
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solving the corresponding equations of 
motion simultaneously.



Free Body Diagrams and Kinetic 
DiagramsDiagrams

The free body diagram is the same as you have done in statics and 
in kinetics of points; we will add the kinetic diagram in our 
dynamic analysis.
1.  Isolate the body of interest (free body) 
2.  Draw your axis system (Cartesian, polar, path) 
3.  Add in applied forces (e.g., weight)
4.  Replace supports with forces (e.g., tension force) 
5.  Draw appropriate dimensions (angles and distances) 

x

y

x

Include your 
positive z-axis
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positive z axis 
direction too



Free Body Diagrams and Kinetic 
iDiagrams

Put the inertial terms for the body of interest on the kinetic diagram.

2.  Draw in the mass times acceleration of the particle; if unknown, 
do this in the positive direction according to your chosen axes For

1.  Isolate the body of interest (free body) 

do this in the positive direction according to your chosen axes. For 
rigid bodies, also include the rotational term, IG.  

m F a
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           m F a
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Free Body Diagrams and Kinetic 
Diagrams

Draw the FBD and KD forDraw the FBD and KD for
the bar AB of mass m. A
known force P is applied atknown force P is applied at
the bottom of the bar.
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Free Body Diagrams and Kinetic 
Diagrams 1.  Isolate body

2.  Axesy

A
Cy 3.  Applied forces

4.  Replace supports with forces
5 Di i

x

y

L/2 Cx

5.  Dimensions
6.  Kinetic diagram

ma
C

r

GG ma

yma
I 

mg

G xma

L/2 mg

B
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Free Body Diagrams and Kinetic 
DiDiagrams

A drum of 100 mm radius isA drum of 100 mm radius is 
attached to a disk of 200 mm 
radius.  The combined drum and 
disk had a combined mass of 5 kg.  
A cord is attached as shown, and a 
f f it d P 25 N iforce of magnitude P=25 N is 
applied.  The coefficients of static 
and kinetic friction between theand kinetic friction between the 
wheel and ground are s= 0.25 and 
k= 0.20, respectively.  Draw the 
FBD and KD for the wheel.
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Free Body Diagrams and Kinetic 
Diagrams 1.  Isolate body

2.  Axes
3.  Applied forces
4.  Replace supports with forces
5 Di i

maP

5.  Dimensions
6.  Kinetic diagram

100 yma

I 

P100 
mm

xma

I =
200 mm

F
W

y

200 mm
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Free Body Diagrams and Kinetic 
Diagrams

The ladder AB slides down 
the wall as shown.   The wall 
and floor are both rough. 
Draw the FBD and KD for 
h l ddthe ladder.
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Free Body Diagrams and Kinetic 
DiDiagrams

1.  Isolate body
2 Axes

3.  Applied forces
4 Replace supports with forces

5.  Dimensions
6 Kinetic diagram2.  Axes 4.  Replace supports with forces 6.  Kinetic diagram

F

NB
yma

FB

xma
I 

W

xma=

F

y
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Sample Problem 16.2p
SOLUTION:

• Note that after the wire is cut, all ,
particles of the plate move along parallel 
circular paths of radius 150 mm.  The 
plate is in curvilinear translation.plate is in curvilinear translation.

• Draw the free-body-diagram equation 
expressing the equivalence of the 

The thin plate of mass 8 kg is held in 

external and effective forces.

• Resolve into scalar component equations 
parallel and perpendicular to the path ofplace as shown.  

Neglecting the mass of the links, 
determine immediately after the wire

parallel and perpendicular to the path of 
the mass center.

• Solve the component equations and the determine immediately after the wire 
has been cut (a) the acceleration of the 
plate, and (b) the force in each link.

p q
moment equation for the unknown 
acceleration and link forces.
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Sample Problem 16 2Sample Problem 16.2
SOLUTION:
• Note that after the wire is cut, all particles of the 

plate move along parallel circular paths of radiusplate move along parallel circular paths of radius 
150 mm.  The plate is in curvilinear translation.

• Draw the free-body-diagram equation expressing 
the equivalence of the external and effective 
forces.

• Resolve the diagram equation into componentsResolve the diagram equation into components 
parallel and perpendicular to the path of the mass 
center.

  FF    efftt FF




30cos
30cos

mg
amW

cosg

   30cosm/s81.9 2a

2sm508a 60o
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Sample Problem 16 2Sample Problem 16.2
• Solve the component equations and the moment 

equation for the unknown acceleration and link 
forcesforces.

 effGG MM  

     1003025030i  FF     
      0mm10030cosmm25030sin

mm10030cosmm25030sin




DFDF

AEAE

FF
FF

FF 06211438 

AEDF

DFAE

FF
FF

1815.0
06.2114.38




   FF
2sm50.8a 60o

   effnn FF

030sin1815.0
030sin




AEAE

DFAE

WFF
WFF

  2sm81.9kg8619.0AE

AEAE

F TFAE N9.47

 N94718150F CFDF N708
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Sample Problem 16.4Sample Problem 16.4
SOLUTION:

• Draw the free body diagram equation• Draw the free-body-diagram equation 
expressing the equivalence of the external 
and effective forces on the disk.

• Solve the three corresponding scalar 
equilibrium equations for the horizontal, 
vertical and angular accelerations of the

A cord is wrapped around a 
homogeneous disk of mass 15 kg

vertical, and angular accelerations of the 
disk.

• Determine the acceleration of the cord by homogeneous disk of mass 15 kg.  
The cord is pulled upwards with a 
force T = 180 N.

y
evaluating the tangential acceleration of 
the point A on the disk.

Determine: (a) the acceleration of the 
center of the disk, (b) the angular 
acceleration of the disk, and (c) the
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acceleration of the disk, and (c) the 
acceleration of the cord.



Sample Problem 16.4p
SOLUTION:
• Draw the free-body-diagram equation expressing the 

equivalence of the external and effective forces on theequivalence of the external and effective forces on the 
disk.

  FF

• Solve the three scalar equilibrium equations.

   FF

   effxx FF

xam0 0xa
  effyy FF

  sm819kg15-N180 2



WT

amWT y

  
kg15

sm81.9kg15-N180





m
WTay

2sm19.2ya
     effGG MM

 
 N18022

2
2
1

T

mrITr 
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Sample Problem 16 4Sample Problem 16.4
• Determine the acceleration of the cord by evaluating the 

t ti l l ti f th i t A th di ktangential acceleration of the point A on the disk.

   
 


tGAtAcord aaaa

  22 srad48m5.0sm19.2 

2sm2.26corda

22sm19.2ya

2srad0.48

0xa
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Sample Problem 16.5p
SOLUTION:

• Draw the free body diagram equation• Draw the free-body-diagram equation 
expressing the equivalence of the 
external and effective forces on the 

hsphere.
• Solve the three corresponding scalar 

equilibrium equations for the normal
A uniform sphere of mass m and radius 
r is projected along a rough horizontal 

f ith li l it Th

equilibrium equations for the normal 
reaction from the surface and the linear 
and angular accelerations of the sphere.
A l th ki ti l ti fsurface with a linear velocity v0.  The 

coefficient of kinetic friction between 
the sphere and the surface is k.

• Apply the kinematic relations for 
uniformly accelerated motion to 
determine the time at which the 

Determine: (a) the time t1 at which the 
sphere will start rolling without sliding, 
and (b) the linear and angular velocities

tangential velocity of the sphere at the 
surface is zero, i.e., when the sphere 
stops sliding.
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and (b) the linear and angular velocities 
of the sphere at time t1.

p g



Sample Problem 16 5Sample Problem 16.5
SOLUTION:
• Draw the free-body-diagram equation expressing the 

equivalence of external and effective forces on theequivalence of external and effective forces on the 
sphere.

• Solve the three scalar equilibrium equations.

   
effyy FF

0WN mgWN 
   FF    effxx FF




mg
amF

k ga kgk k

IFr 

   effGG MM

    2
3
2 mrrmgk  r

gk
2
5



NOTE: As long as the sphere both rotates and slides, 
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its linear and angular motions are uniformly 
accelerated.



Sample Problem 16 5Sample Problem 16.5
• Apply the kinematic relations for uniformly accelerated 

motion to determine the time at which the tangential velocity 
of the sphere at the surface is zero i e when the sphereof the sphere at the surface is zero, i.e., when the sphere 
stops sliding.
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Constrained Motion:  Noncentroidal
R t tiRotation

• Noncentroidal rotation:  motion of a body is 
constrained to rotate about a fixed axis that does 

h h inot pass through its mass center.

• Kinematic relation between the motion of the mass 
center G and the motion of the body about G,

2 rara nt 

• The kinematic relations are used to eliminate
from equations derived fromnt aa and from equations derived from 

d’Alembert’s principle or from the method of 
dynamic equilibrium.

nt aa and
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Constrained Plane Motion:  Rolling 
Motion • For a balanced disk constrained to 

roll without sliding, 
  rarx 

• Rolling, no sliding:
NF  ra NF s ra 

Rolling, sliding impending:
NF s ra 

i d lidiRotating and sliding:
NF k ra , independent

• For the geometric center of an• For the geometric center of an 
unbalanced disk,

raO 

The acceleration of the mass center,

   
OGOG aaa 


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Sample Problem 16.8p
SOLUTION:

• Draw the free-body-equation for the y q
sphere, expressing the equivalence of the 
external and effective forces.

• With the linear and angular accelerations 
related, solve the three scalar equations 
derived from the free-body-equation for 

A sphere of weight W is released with 
no initial velocity and rolls without 

y q
the angular acceleration and the normal 
and tangential reactions at C.

• Calculate the friction coefficient requiredslipping on the incline.

Determine: a) the minimum value of 
the coefficient of friction b) the • Calculate the velocity after 3 m of 

• Calculate the friction coefficient required 
for the indicated tangential reaction at C.

the coefficient of friction, b) the 
velocity of G after the sphere has 
rolled 10 ft and c) the velocity of G if 
th h t 3 d

y
uniformly accelerated motion.

• Assuming no friction, calculate the linear 
acceleration down the incline and the
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the sphere were to move 3 m down a 
frictionless incline.

acceleration down the incline and the 
corresponding velocity after 3 m.



Sample Problem 16 8Sample Problem 16.8
SOLUTION:
• Draw the free-body-equation for the sphere, expressing 

the equivalence of the external and effective forcesthe equivalence of the external and effective forces.

• With the linear and angular accelerations related, solve 
the three scalar equations derived from the free-body-
equation for the angular acceleration and the normal 
and tangential reactions at C.

   effCC MM   effCC

   
   






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
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
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

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r
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a  r  5gsin30
7

2 
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Sample Problem 16 8Sample Problem 16.8
• Solve the three scalar equations derived from the free-

body-equation for the angular acceleration and the 
normal and tangential reactions at Cnormal and tangential reactions at C.

   effxx FF
gW

amFW
sin5

sin








WWF

g

143.030sin
7
2

7



g sin5 

  
effyy FF

WWN
WN

866.030cos
0cos


 

r
g

7
sin5  

23.504 m sa ra= =

• Calculate the friction coefficient required for the 
indicated tangential reaction at C.

W
W

N
F

NF

s

s

866.0
143.0









165.0s
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Sample Problem 16 8Sample Problem 16.8
• Calculate the velocity after 3 m of uniformly 

accelerated motion.

( )2 2 2 ( )
( )( )

2 2
0 0

2

2

0 2 3.504 m s 3m

v v a x x= + -

= +
v 4 59m sv  4.59m s

• Assuming no friction, calculate the linear acceleration 
and the corresponding velocity after 3 m.

g sin5 

   effGG MM 00  I

p g y

  W 
r

g
7
sin5  

23.504m sa ra= =

   effxx FF W sin  ma  W
g









a

a  9.81m s2 sin30  4.905m s2 

( )
( )( )

2 2
0 0

2

2v v a x x= + -
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Group Problem SolvingGroup Problem Solving
Knowing that the coefficient of 

SOLUTION:

• Draw the free body diagram andstatic friction between the tires 
and the road is 0.80 for the 

t bil h d t i th

• Draw the free-body-diagram and 
kinetic diagram showing the 
equivalence of the external forces 

d i i lautomobile shown, determine the 
maximum possible acceleration 
on a level road, assuming rear-

and inertial terms.
• Write the equations of motion for 

the sum of forces and for the sumon a level road, assuming rear
wheel drive

the sum of forces and for the sum 
of moments.

• Apply any necessary kinematic• Apply any necessary kinematic 
relations, then solve the resulting 
equations.

16 - 33



Group Problem SolvingGroup Problem Solving
SOLUTION: • Draw your FBD and KD

S i f i• Given:  rear wheel drive, 
dimensions as shown, = 0.80

Fi d M i l ti

• Set up your equations of motion, 
realizing that,  may and  will be zero

• Find:  Maximum acceleration
y

I 
yma

x
I 

=
NN

FR mg xma

NFNR

x xF ma y yF ma G GM I 
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x x y y
R xF ma 0R FN N mg   (1.5) (1) (0.5) 0R F RN N F   



• Solve the resulting equations: 4 unknowns are FR, max, NF and NR

(1) (2) (3)

(4)(1.5) (1) (0.5) 0R F RN N F   

0R FN N mg  R xF ma R RF N

ma(4)( ) ( ) ( )R F R x
R

maN


(1)→(3) (5)

xmaN mg N mg    (6)
(5)→(2)

F RN mg N mg


  (6)

(1) and (5) and (6) →(4)

     1.5 1 0.5 0x x
x

ma ma
mg ma

 
 

      

Solving this equation, 23.74 m/sxa 

5x
ga 
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5 0.5
2

xa






Group Problem SolvingGroup Problem Solving
• Alternatively, you could have chosen to sum moments about the front wheel

y ma

x

y

I 
yma

FR mg xma=
NF

FR

NR

mg

F GM I mad  
(2.5) (1) 0 (0.5)R xN mg ma   

Y thi ti ith th th i lid t l f th
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• You can now use this equation with those on the previous slide to solve for the 
acceleration



Sample Problem 16 3Sample Problem 16.3
SOLUTION:

• Determine the direction of rotation by• Determine the direction of rotation by 
evaluating the net moment on the 
pulley due to the two blocks.

• Relate the acceleration of the blocks to 
the angular acceleration of the pulley.

• Draw the free-body-diagram equation 
expressing the equivalence of the 
external and effective forces on the

A pulley of mass 6 kg and having a radius 
of gyration of 200 mm. is connected to two 
bl k h

external and effective forces on the 
complete pulley plus blocks system.

• Solve the corresponding momentblocks as shown.

Assuming no axle friction, determine the 
angular acceleration of the pulley and the

Solve the corresponding moment 
equation for the pulley angular 
acceleration.
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angular acceleration of the pulley and the 
acceleration of each block.



Sample Problem 16 3Sample Problem 16.3
SOLUTION:
• Determine the direction of rotation by evaluating the net 

moment on the pulley due to the two blocksmoment on the pulley due to the two blocks.

MG  5kg  9.81m2

s









 0.15m 

 2.5kg  9.81m2

s









(0.25m) 1.227N m

rotation is counterclockwise M is positive
2

2(6 kg)(0 2 m)

I mk=
=

note:

rotation is counterclockwise, MG is positive.

• Relate the acceleration of the blocks to the angular 

2

(6 kg)(0.2 m)

0.24 kg-m=

acceleration of the pulley.

( )0 25
A Aa r a

a
=

( )0 15
B Ba r a=
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( )0.25m a= ( )0.15m a=



Sample Problem 16 3Sample Problem 16.3
• Draw the free-body-diagram equation expressing the 

equivalence of the external and effective forces on the 
complete pulley and blocks systemcomplete pulley and blocks system.

• Solve the corresponding moment equation for the pulley 
angular acceleration.

   effGG MM

( )( )( ) ( )( )
( ) ( ) ( )

2

2
m m

ss
5 kg 9.81 0.15m – 2.5 kg 9.81

( ) ( ) ( )
( ) ( )( )( ) ( )( )( )

0.25m 0.15m 0.25m

7.3575 6.1312 0.24 5 0.15 0.15 0.252 0.25 0.25
B B A AI m a m aa

a a

= + -

- = + -

22 41 d

( )
2

2

0.24 kg m

0.25 m sA

I

a a

= ×

=

22.41rad sa =

A Aa r a=

Then,

( )
( ) 20.15 m s

A

Ba a=

B Ba r a=

( )( )20.25m 2.41rad s
A A

= 20.603m sAa =

16 - 39
( )( )20.15m 2.41rad s

B B

= 20.362 m sBa =



Tutorial



Problem 1Problem 1
SOLUTION:

• Draw the free-body-equation for the y q
wheel, expressing the equivalence of the 
external and effective forces.

• Assuming rolling without slipping and 
therefore, related linear and angular 
accelerations, solve the scalar equations 

A cord is wrapped around the inner 
hub of a wheel and pulled

, q
for the acceleration and the normal and 
tangential reactions at the ground.

hub of a wheel and pulled 
horizontally with a force of 200 N.  
The wheel has a mass of 50 kg and a 

di f ti f 70

• Compare the required tangential reaction 
to the maximum possible friction force.

• If slipping occurs calculate the kineticradius of gyration of 70 mm.  
Knowing s = 0.20 and k = 0.15, 
determine the acceleration of G and 

• If slipping occurs, calculate the kinetic 
friction force and then solve the scalar 
equations for the linear and angular 

l i
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the angular acceleration of the wheel. accelerations.



SOLUTION:
• Draw the free-body-equation for the wheel,.

• Assuming rolling without slipping, solve the scalar 
equations for the acceleration and ground reactions.

   effCC MM
    

    22 mkg245.0m100.0kg50mN0.8

m100.0m040.0N200



 Iam




  effCC

  
2

22

mkg245.0

m70.0kg50



 kmI
   22

2

sm074.1srad74.10m100.0

srad74.10





a



Assume rolling without slipping,
 ra

   effxx FF

  sm074.1kg50N200 2 amF

 m100.0
   effxx FF

0WN

N3.146F

16 - 42
   N5.490sm074.1kg50

0
2 



mgN

WN



• Compare the required tangential reaction to the 
maximum possible friction force.

  N198N5490200NF   N1.98N5.49020.0max  NF s

F > Fmax , rolling without slipping is impossible.

N3146F N5490N
Without slipping,

• Calculate the friction force with slipping and solve the 
scalar equations for linear and angular accelerations.

  N673N5490150NFFN3.146F N5.490N   N6.73N5.49015.0  NFF kk 

   effxx FF

   effGG MM

 akg50N6.73N200  2sm53.2a

  effGG

     
 2mkg245.0

m060.0.0N200m100.0N6.73






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 
2srad94.18

g

 2srad94.18



Problem 2
The uniform rod AB of weight W is
released from rest when Assuming that

SOLUTION:

• Draw the free body diagram andg
the friction force between end A and the
surface is large enough to prevent
sliding, determine immediately after

• Draw the free-body-diagram and 
kinetic diagram showing the 
equivalence of the external forces 

d i i lsliding, determine immediately after
release (a) the angular acceleration of
the rod, (b) the normal reaction at A, (c)
the friction force at A

and inertial terms.
• Write the equations of motion for 

the sum of forces and for the sumthe friction force at A. the sum of forces and for the sum 
of moments.

• Apply any necessary kinematic pp y y y
relations, then solve the resulting 
equations.
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Group Problem SolvingGroup Problem Solving
SOLUTION:  Given:  WAB = W, = 70o

Fi d N F

• Draw your FBD and KD
• Set up your equations of motion

• Find:  AB, NA, Ff

y
yma

L/2

• Kinematics and solve (next page)

x I 
=

L/2

xma
=

L/2
W

Ff

70o
70o

NA

x xF ma y yF ma
G GM I 

( cos(70 )) ( sin(70 ))L L
A FN F  
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x x y y
f xF ma A yN mg ma 

2 2
21

12

( cos(70 )) ( sin(70 ))

                    
A F

AB

N F

mL







Group Problem SolvingGroup Problem Solving
L/2

• Set up your kinematic relationships – define rG/A, aG

1 L/2
/

1 ( cos(70 ) sin(70 ) )
2
(0 17101 ) (0 46985 )

G Ar L L

L L

 

 

i j

i j

 

L/22
/A /A

(0.17101 ) (0.46985 )

0 ( ) (0 17101 0 46985 ) 0
G A AB G AB G

AB

L L

L L






   

    

i j

a a r r
k i j



70o
0 ( ) (0.17101  0.46985  ) 0

0.46985 0.17101 
AB

AB AB

L L
L L


 

   
  

k i j
i j

• Realize that you get two equations from the kinematic relationship
0.46985         0.17101 x AB y ABa L a L   

f xF ma A yN mg ma 
• Substitute into the sum of forces equations

16 - 46
( )0.46985 f ABF m L  (0.17101 )A ABN m L g 



Group Problem SolvingGroup Problem Solving
• Substitute the Ff and NA into the sum of moments equation

21( (70 )) ( i (70 ))L LN F L  21
2 2 12( cos(70 )) ( sin(70 ))L L

A F ABN F mL   

2 2[ (0.17101 )]( cos(70 )) [ ( )0.46985 ]( sin(70 ))L L
AB ABm L g m L     

• Masses cancel out, solve for AB

2 2
21

12

[ (0.17101 )]( cos(70 )) [ ( )0.46985 ]( sin(70 ))

                                                                    
AB AB

AB

m L g m L

mL

 



 


AB

2 2 2 2 21
12 20.17101 0.46985  ( cos(70 ))L

AB AB ABL L L g      

0.513AB
g
L

   k • The negative sign means  is 
clockwise, which makes sense.

• Subbing into NA and Ff expressions,

( )0.46985 0.513 g
f LF m L      (0.17101 0.513 )g

A LN m L g    
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f L  A L 
0.912AN mg 0.241fF mg 



Sample Problem 16 10Sample Problem 16.10
SOLUTION:

B d th ki ti f th t i d• Based on the kinematics of the constrained 
motion, express the accelerations of A, B, 
and G in terms of the angular acceleration.

• Draw the free-body-equation for the rod,
expressing the equivalence of the 

l d ff i f
The extremities of a 1.2-m rod of 
mass 25 kg can move freely and 

ith f i ti l t t i ht

external and effective forces.

• Solve the three corresponding scalar 
equations for the angular acceleration andwith no friction along two straight 

tracks.  The rod is released with no 
velocity from the position shown.

equations for the angular acceleration and 
the reactions at A and B.

Determine:  a) the angular 
acceleration of the rod, and b) the 
reactions at A and B

16 - 48

reactions at A and B.



Sample Problem 16.10p
SOLUTION:
• Based on the kinematics of the constrained motion, 

express the accelerations of A B and G in terms ofexpress the accelerations of A, B, and G in terms of 
the angular acceleration.

Express the acceleration of B as
ABAB aaa  

With the corresponding vector triangle and 
h l f i i ld

1.2 ,B Aa a=
the law of sines yield

1.639 1.47A Ba aa a= =

Th l i f G i b i d fThe acceleration of G is now obtained from

AGAG aaaa 
 where  0.6G Aa a=

Resolving into x and y components,

1.639 0.6 cos60 1.339xa a a a= - ° =
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0.6 sin 60 0.52ya a a= - ° = -



Sample Problem 16.10p
• Draw the free-body-equation for the rod, expressing 

the equivalence of the external and effective forces.

• Solve the three corresponding scalar equations for the 
angular acceleration and the reactions at A and B.

   ffEE MM

( )( )( ) ( )( ) ( )( )
2

25 9.81 0.520 33.5 1.34 13.0 0.520 3

2.33rad s

a a a

a

= + +

= +

   effEE MM

( )221
12

1 25kg 1.2 m
12

I ml= =

22.33rad sa =

   effxx FF( )12

2

g
12

3kg m
3I a a

= ×
=

ff

RB sin 45  33.5  2.33 
RB 110.4N 

RB 110.4N 45o

( )
( )

25 1.39 33.5

25 0.520 13.0
x

y

ma

ma

a a

a a

= =

= - = -

B

  
effyy FF

RA  110 4 cos45 25  9 81    13 0  2 33 
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RA  110.4 cos45 25  9.81  13.0  2.33 
136.6 NAR =



Additional 



Sample Problem 16 6Sample Problem 16.6
SOLUTION:

• Draw the free-body-equation for AOB,

kg4m

y q O ,
expressing the equivalence of the 
external and effective forces.

kg 3
mm 85
kg4






OB

E

E

m
k
m

• Evaluate the external forces due to the 
weights of gear E and arm OB and the 
effective forces associated with the

The portion AOB of the mechanism is 
actuated by gear D and at the instant

effective forces associated with the 
angular velocity and acceleration.

• Solve the three scalar equationsactuated by gear D and at the instant 
shown has a clockwise angular velocity 
of 8 rad/s and a counterclockwise 
angular acceleration of 40 rad/s2

• Solve the three scalar equations 
derived from the free-body-equation 
for the tangential force at A and the 
h i t l d ti l t fangular acceleration of 40 rad/s .  

Determine: a) tangential force exerted 
by gear D, and b) components of the 

horizontal and vertical components of 
reaction at shaft O.
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y g , ) p
reaction at shaft O.



Sample Problem 16 6Sample Problem 16.6
SOLUTION:
• Draw the free-body-equation for AOB.
• Evaluate the external forces due to the weights of 

gear E and arm OB and the effective forces.

   N239sm819kg4 2 W   
   N4.29sm81.9kg3

N2.39sm81.9kg4
2 



OB

E

W

W

    d400850k4 222kI     
mN156.1

srad40m085.0kg4 222


  EEE kmI

       srad40m2000kg3 2rmam

rad/s8

2srad40
mm 85
kg 4





E

E

k
m

       
N0.24

srad40m200.0kg3


 rmam OBtOBOB

       srad8m2000kg3 22rmam
kg 3OBm

       
N4.38

srad8m200.0kg3


 rmam OBnOBOB

      srad40m4000kg3 22121  LI
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      
mN600.1

srad40m.4000kg312
1

12
1



  LmI OBOB



Sample Problem 16 6Sample Problem 16.6
• Solve the three scalar equations derived from the free-

body-equation for the tangential force at A and the 
horizontal and vertical components of reaction at Ohorizontal and vertical components of reaction at O.

 effOO MM  

     m2000m1200   IamIF      
   mN600.1m200.0N0.24mN156.1

m200.0m120.0


  OBtOBOBE IamIF

N0.63F

N239W

N0.63F

 effxx FF  

  N024R
N4.29

N2.39



OB

E
W
W

mN156.1 EI

  N0.24 tOBOBx amR
N0.24xR

 yy FF  mN156.1EI

  N0.24tOBOB am

  N4.38OBOB am

 
effyy FF 

 
N4.38N4.29N2.39N0.63 



y

OBOBOBEy

R

amWWFR
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  N4.38nOBOB am

mN600.1 OBI

y

N0.24yR



Constrained Plane MotionConstrained Plane Motion
• Most engineering applications involve rigid 

bodies which are moving under given 
t i t k ti d dconstraints, e.g., cranks, connecting rods, and 

non-slipping  wheels.
• Constrained plane motion:  motions with Const ained plane motion: ot o s w t

definite relations between the components of 
acceleration of the mass center and the angular 
acceleration of the bodyacceleration of the body.

• Solution of a problem involving constrained 
plane motion begins with a kinematic analysis.

• e.g., given and , find P, NA, and NB.
- kinematic analysis yields

application of d’Alembert’s principle yields
.and yx aa

- application of d Alembert s principle yields 
P, NA, and NB.
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